Abstract.-Recent attempts to construct a kinetic theory for strongly coupled plasmas are discussed. The predictions of these theories for the shear viscosity and the self-diffusion coefficient of a one-component plasma are in good agreement with the available computer simulation data throughout the whole fluid phase.
1. Introduction.-The last sentence of Spit-r zer's famous paper on "Transport Phenomena in a completely Ionized Gas" states [l] : "In view of the lack of observational data in this field, development of a more refined theory does not seem worth the very considerable effort required". This was written more than 25 years ago and although some progress has been accomplished in the past decades the situation has remained the same for many years. Only very recently have things started to change. This is due partly to the fact that the use of sophisticated laboratory techniques has produced electrical conductivity data for plasmas outside the traditional weak-coupling region [2] . The main impetus however has come from the fact that the application of computer simulation techniques to ionized matter [3] has produced transport data for plasmas which are very dense, i.e. strongly coupled. It is our purpose here to summarize the main steps of the modern theories of transport in charged systems and to compare the few cases which have been worked out completely to the available numerical data.
2. Transport theory of weakly coupled plasmas.-Let us first recall some features of the traditional transport theory of plasmas. We will consider here only fully ionized plasmas and for the sake of presentational commodity we will always display expressions relevant to the one-component plasma, i.e. the theoretical model in which one of the charged species forms an uniform and inert neutralizing background in which the order specie moves according to classical dynamics, the interactions being restricted to the Coulomb forces. This model which looks rather theoretical can nevertheless yield realistic results for fully ionized matter in a restricted portion of the density-temperature plane including, for instance, typical white-dwarf conditions [4] , Besides the simplified dynamics this model has the advantage that the thermodynamic and transport data when suitably reduced, do depend only or a single parameter which we call the coupling parameter. For a system of mobile charges of electric charge e, number density n and inverse temperature (in energy units) 3 = ( k B T) this coupling parameter is obtained by estimating the ratio B e 2 /r of the average potential energy (e 2 /r , r being a characteristic distance) to the average kinetic energy (£ _1 ). If r is taken to be the Debye length, A = (4TT e 2 nB) V2 the coupling parameter becomes X/4TT where X = (nXi?) -is the inverse of the average number of particles in a "Debye cube" and as, such X has played an important role in weak-coupling expansions of equilibrium quantities. When discussing strongcoupling data however it is more convenient to us the "ion-sphere radius" a, with n = /4ir 3 \ 1 , as the characteristic distance r in which case the coupling para- has been estimated to order A (weak-coupling approximation). This weak coupling where M is a non-negative matrix which can assumption for g is clearly in error for be written : small interparticle distances since the two particle distribution (say f2 = ff (l+g) ) has to vanish for vanishing interparticle distances which in turn requires the twoparticle correlations to be of order one (3) (g 2 -1) in this region instead of 0 ( A ) .
where V(k) = 4, IT e' '/k2 is the Fourier-transform of the Coulomb interaction energy whereas c0 (&,Z) is the dielectric function of a weakly coupled system : This underestimation of g leads then to the logarithmic large-k divergence of the r.h. s . of eq. (3) which, when cut off, leads in turn to the appearance of the so-called "Coulomb logarithm" in the collision fre-
A large number of authors [ 5 ] have tried to estimate the undetermined coefficient a. Equations' (2-4) define the well-known Bales-This is tentamount to pushing the small-A cu-Guernsey2Lenard collision integral which expansion of v one step further, viz. v -.
yields the most refined weak-coupling theory w (A lnh-I + Xln a +, . . and which will serve-as a reference point for P us. The linearized kinetic equation which contains all the information necessary for a transport theory can be obtained from eq.(l) by putting f = n$ + a£ and neglecting o((af12) terms. In a form which will be usefull when comparing with the strong coupling results this linearized equation can be written : prevents it from adequately treating dense while the remaining task of any weak-coupling kinetic theory (usually the h a~d part of the job ! ) consists solely in the determination of the proportionality constant y (V = yXw InX-'1. The BGL kinetic equation P yields for instance y = 1 / 10 a312 in the first Sonine polynomial approximation. Turning now to the subject of our concern, one could be temptedto use the small-A results like eq. (6) as an empirical expression for estimating transport coefficients outside the weak-coupling region. Recent measurements of the electrical conductivity of ionised inert gases [2] indicate however that a departure from the typical (XlnA-I)-' behavior becomes detectable already for intermediate A(-0.8). Moreover direct computersimulations [3] have revealed that for strong coupling (X > 1) n/nmwphi passes through a minimum as a function of X after which it increases slowly with 1. For strong coupling eq. (6) clearly becomes inadequate and a new starting point is needed. media is that it describes a local collision process. In a dense medium a collision occuring at a given point will depend on the state of the system in the neighbourhood of that point. As a consequence the BLG theory neglects important potential contributions to the transport coefficients. What we would like is some kind of Enskog theory for plasmas in which delocalisation effects are taken into account together with the exact equilibrium correlations. Systematic methods which realize this program, leading to so-called "fully renormalized kinetic equations", have been developed in recent years for dense fluids of uncharged particles [9], Here we will indicate how these methods can be taken over to dense plasmas [lo1 3,.1. Renormalized B.Gz&t-eguation.-In the modern approach to transport theory the basic quantities are the equilibrium phasespace correlation functions (also called propagators or classical Green's functions)
it is still too much of a perturbation theo-
ry with respect to the potential. The renormalizations (i.e. infinite order resummations of the N particles of positions {g;(t)} and of potential contributFons) .which have been momenta {pj (t) ? I The fact that S (g,t ; p ,pl --
performed to obtain the BGL-equation have ' is considered as the basic quantity instead led merely to the introduction of the dielec-of the one particle distribution function tric function E~(~, Z ) of eq. (4) which desimplies that we will be concerned from the cribes collective effects in a weak-coupling start with a linearized kinetic theory wheapproximation. The BLG equation as such still reas in the ordinary kinetic theory based predicts ideal gas thermodynamics, conserves on the particle distribution functions one only the kinetic energy, while the transport starts from a nonlinear kinetic theory and coefficients derived from it barely differ linearizes it a posteriori. The present [81 from those obtained from Landau's procedure turns out to yield a difinite adstraightforward weak-coupling kin5tic equavantage since progress in the ordinary nontion corresponding1to eqs (1-3) with the ap-linear kinetic theory beyond the BGL approproximation E~(&,Z) = 1 . What we need here ximation is known to be very difficult. Heis to eliminate as much as possible the bare re one can write down immediately an exact potential in favor of the exact equilibrium kinetic equation for S(g,t ; p,_pl) or its -correlations.
Fourier-Laplace transform S (k, Z ; g ,p ' ) :
A second feature of the BLG equation which
zation of the two-point function S(1,2;t) which is our basic quantity. Performing a where the initial value of S is easily cluster expansion we can write :
seen from eq. (7) to be : C(1l1;22*;t) = S(1,2;t) S(11,2';t) + S(l, 2';t)S(11,2;t) + Cc(1l1;22';t)
where Cc is the non-factorisable or "connex"
(1 0) part of C. The quantity Cc is known to describe close interactions and is extremely complicated except at t = 0 where it is known explicitly in terms of equilibrium correlation functions, A technique anologue to the "vertex renormalization" of the Green's functi0.n methods allows us to inIn eqs. (9-10) , C (k) and h (k) are, respecti-corporate this known piece of information vely, the Fourier transforms of the direct about Cc. Skipping the details we merely correlation function c(r) and of g(r) -1, g(r) note here that it amounts to replace the being the equilibrium pair correlation func-bare vertex (V (k) ) by a renormalized one tion,. These functions are further related by (-c(k)/nB. Dropping Cc for later times leads 2 1 (n$(P2))-1 that the bare potential (V(k)) appearing in ap2 eq. (5) has been eliminated in favor of an which when Laplace transformed with respect equilibrium correlation function (nBV(k) -+ to t and substituted back into eq. (9) cons--~( k ) ) whereas the collision process descri-titues the basic approximate kinetic equabed by eq. (9) is clearly nonlocal in space tion we propose for dense plasmas [7, 10, 11] .
. . (and time) because of the k (and Z) dependence of Cc. To proceed we need an explicit ex-3.2. Some prgperties of the renormalized pression for Cc. It can be shown 9.Ithat Cc theory.-The kinetic theory based on eqs can be writt!en,as : (9, 10,14) has been obtained from the exact but formal results by neglecting dynamic icc'(1,2;t) n$(p2) = bd11d2' L(ll')L(22')C1 close interactions.. The static close inter- The quantity C(111;22';t) which appears in in which the ipteractions proceed via an eq, (11) is (apart from .some technical irre-, effective potential f-C(k)/qB) while the ducibLliw condition) the f our-point generali-particles are propagated during the nonlocal collision process with their exact propagator S instead if its Vlassov approximation. Notice that although we are concerned here with linear transport theory the kinetic equation is nonlinear in S. This is a typical feature of dense media as it allows for the feedback action of the medium onto itself. An explicit example of this effect, the socalled long-time tails of the integrands of the transport coefficients has been treated elsewhere [7] on the basis of eq. (14). The time non-locality of the collision operator of eq. (14) also allows for the description of finite frequency effects which are essential for a proper treatment of the plasma oscillations of dense plasmas [ l l ] . Finally a slight modification of eq. (14) which guarantee,s that the short-time behavior of S (as characterized by its three first frequency moments) be rendered exactly has also been worked out [ l o ] . As far as transport theory is concerned, the relation between eq. (14) and the linearized BGL collision operator, i.e. Cc (_p,pr) of eq. Hence, within the present framework, eq. (14) represents clearly a finite coupling, nonlocal (finite k) and non-Markovian (fl nite z) generalization of the BGL theory.
3-3. The renormalized interactio2.-As stated above, the present theory is expressed in terms of a renormalized interaction which is proportional to the direct correlation function C(k) for which explicit data are needed. Originally [lo] these data were taken from the Monte Carlo simulations 1121. As we now known, however, one can also predict theoretically very good data for C(k) by solving the hypernetted chain (HNC) equations for the Coulomb potential [4] . Recently it was shown [13, 141 that these equations can also be rewritten as an integral equation directly for C(k) :
sing for S its value obtained from the collisionless kinetic equation, i.e. eq. (9) with where $(k) = 4ne2ns/k2. A less accurate but Cc deleted. This collisionless kinetic equavery simple model for C(k) has also been tion is nothing but a linearized Vlassov eproposed recently [ 1 4 ] . This model is based quation including however the exact statics on the ansatz that for small r, C(r) can be through C(K) . The BGL theory approximates written as a polynomial in r2 whereas for moreover Cc by its local Markovian approximalarge r, C(r) reduces to the Coulomb potential. We will not dwell any further on thetion, Cc (k,Z;p,pl) =! Cc (k=o, z=o;g,_p'), for which the above first-approximation becomes :
se static aspects except for the observa- with this transport theory we still need an explicit expression for the transport ( p 2 ) J dp, ~8 (k'.vl-k1v3) + ( _ P~) ]
(15) coefficients. In the traditional theory ---one usually performs a Chapman-Enskog exwhere E (k,Z) is defined as : pansion of the kinetic equation. In the plasma case this expansion is hard to jus-
z -k.y a_p (I6) tify except in the limit of strong coupling
If we moreover approximate the &=rect corre-[4, 5, 7, 1 1 ) .
In the present scheme we can circonvent this difficulty and obtain ex-
C2-74
JOURNAL DE PHYSIQUE pressions for the transport coefficients di-ce, of the collision operator is concerned. rectly from eq. (9). Here we will sketch Taking the indicated limiting values, the the procedure for the case of the shear vis-first term in the r.h.s. of eq. (18) is cosity which is very simple, Indeed from eq. seen to depend on the second derivative of (9) one can compute directly the transverse-Cc with respect to k while the second term momentum correlation function Gl (k,Z) = / dp does depend on Cc(k=o,o) and on the first -dp' 5.2 I.&' S (k_,Z;_p,pl) , being a unit k-derivative of Cc (k,o) (notice that Co I .
vector othogonal to k. Because of the rota-O(k) ) . Hence if one straightforwardly netional invariance of the various equilibrium glects the nonlocal character of the colliquantities involved,GI decouples complete-sion process by taking from the start Zcly from the remaining "hydrodynamic" corre-Cc(k=o,Z=o) as is done in the standard BGL lation functions and can be written exactly theory, one is left over with :
. Because of momentum conservation we can write nL(k Z) = -i c q (kZ), q(kZ) be-i.e. a matrix element of the (non-hydrodynanrn mic part of the) inverse collision operator. ing a non-local shear viscosity related to This will clearly be a good approximation the ordinary shear viscosity-q by q = q(k=o, to eq. (18) when Cc is weak, i.e. for weak Z=o), whenever the latter limiting value e-.coupling and indeed computing eq. (19) with xists which will be the case below. In this the BGL expression of Lc(o,o) yields (in way we obtain an exact expression for the the first Sonine polynomial approximation) shear in terms the exact cO1-back the well known Spitzer-type formula of lision operator Cc : eq. (6). When Cc is not weak, the first term rl = n m lim (E?B' ) (2' ) Co denotes the free-such our proposal is similar to the Enskog flow term of eq* (9) i*e-Co (kZ;pp') = k*v theory which also uses the collision pro-~(E-I'). The operator Q which appears in eq* cess of ~~l t~~~~ dilute gas theory, de-(18) projects onto the non-hydrodynamic mo-localizes this collision Drocess and takes --mentum states. Its effect is identical to . the equilibrium correlations into.account. the well-known subsidiary conditions of the We also know that Enskogls theory yields Chapman-Enskog method. It is. seen that the good results for the transport coefficients non-Markovian character, i.e. the z-depenof dense systems of neutral particles if dence, Cc(kZ) plays here* This is the hard-sphere diameter is suitably adjuseasely understood since we are concerned ted, Notice that here we have some kind of with a vanishingly low hydrodynamic frequen-Enskog theory for plasmas which is free of cy* Things are however different as far as undetermined parameters, To test this theothe nonlocal character, ioe. the K-dependen-ry we will its results with those of the molecular dynamics simulations of a classical one-component plasma C3J. AS far as we know only two coefficients, the shear viscosity and the self-diffusion, have been evaluated theoretically for dense plasmas Ll01. Both calculations use a one-Sonine polynomial approximation in order to evaluate inverse collision operators such as the one appearing in eq. (19). This is generally (except for the electrical conductivity) a good approximation for dilute systems. In the dense plasma case the convergence of this expansion has not been tested yet. Another technical point is that for the shear viscosity the Landau approximation (&(kZ) = 1) is a good approximation while this is not so in the case of the self-diffusion coefficient. Let us start thus with the simpler case of the shear viscosity.
3.5.1 Shear viscosity.-Consider the reduced viscosity qx= q/n n wp a2 which is a fonction of the coupling parameter r = 6e2/a. where the different terms correspond to those of eq. (la), fits the theoretical strong coupling data (2 < r < 160) to within a few percent.
2
theories become invalid. Here n * decreases 3.5.2. Self-diffusion.-In the case of the rapidly and reaches a minimum of n * = 0.07 self-diffusion coefficient D an additional around r = 8 after which it rises again up difficulty arises due to the fact that the to n * = 0.3 at freezing r = 160. On the fi-values of D* = D/wp a2 are obtained theogure we have also indicated the results of a retically from a time integral of a rapiphenomenological theory [ 3 1 based on a gaus-dly oscillating function. In the case of sian fit of the memory function of n** This the shear viscositv similar oscillations theory does not posses the correct weak cou-did appear but they did not occur around pling Limit and is invalid for R 2 . From the zero and are easier to treat. This explains molecular dynamics computation of n * say why the Landau approximation ( & = hence t nMDI we find that the error slightly increa-no oscillations ) for is not as good as ses with r. More we find ' /k for nq. In the 4.' Conclusions.-It appears to us that kinetic theories like those described above give a reasonable descriptiop of the transport coefficients of a claksica~ one-component plasma both in the dilute gas and in the dense liquid-like situations. Hence, although the amount of work involved will be rather formidable, it should be interesting to extend these results to more realistic situations than those covered by the one-component plasma model.
